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Abstract 

We investigate the structure of the moduli space of multiple BPS non-Abelian vortices 
in U(N) gauge theory with N fundamental Higgs fields, focusing our attention on the ac- 
tion of the exact global (color-flavor diagonal) SU(N) symmetry on it. The moduli space 
of a single non-Abelian vortex, CP N ~ 1 , is spanned by a vector in the fundamental repre- 
sentation of the global SU (N) symmetry. The moduli space of winding-number k vortices 
is instead spanned by vectors in the direct-product representation: they decompose into 
the sum of irreducible representations each of which is associated with a Young tableau 
made of k boxes, in a way somewhat similar to the standard group composition rule of 
SU (N) multiplets. The Kahler potential is exactly determined in each moduli subspace, 
corresponding to an irreducible SU(N) orbit of the highest-weight configuration. 
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1 Introduction and discussion 



Non-Abelian vortices have been discovered several years ago in the context of U(N) supersym- 
metric gauge theories and in string theory [H[2]. BPS non-Abelian vortices exist in the U(N) 
Yang-Mills theory coupled to Np = N Higgs fields in the fundamental representation. The BPS 
equations are of the form 

(V x ± iV 2 )H = 0, F 12 = ±^ (Mt _ v 2 1n } ; ( L1) 

where the upper (lower) sign describes the vortices (anti- vortices). The Higgs fields H are 
combined in a color-flavor mixed N x N matrix on which the U(N) gauge (color) symmetry 
acts on the left while the SU(N) flavor symmetry acts on the right. The constant g is the U(N) 
gauge coupling^ and v 2 is the Fayet-Iliopoulos parameter. The U(N)c gauge (color) symmetry 
is spontaneously broken completely in the so-called color-flavor-locked vacuum ((H) = vIn), 
whereas the global diagonal symmetry SU(N)q+f remains unbroken. Since winding-number k 
vortices ( u k vortices" from now on, for simplicity) saturate the BPS energy (tension) bound 

T > 2nv 2 k, (1.2) 

no net forces are exerted among the static vortices. This implies that a set of solutions to Eq. ( II. ip 
contains integration constants, i.e. moduli parameters parametrizing the set of configurations with 
degenerate energy, viz. the moduli space of BPS vortices: Aik- 

In addition to the position moduli, each non-Abelian vortex has internal orientational moduli 
which are associated with the SU(N)q+f color-flavor symmetry, broken by the individual vortex 
configurations. Consider for instance a particular BPS solution 

H = diag (tf ANO , v,---,v), A, = diag (Af°, 0, • ■ • , 0) , (1.3) 

where _ff ANO and v4 ANO are the fields describing the well-known Abrikosov-Nielsen-Olesen (ANO) 
vortex solution. Clearly, the solution breaks SU(N)c+f down to SU(N — 1) x U(l) and therefore 
the corresponding Nambu-Goldstone zero-modes, which we call internal orientational modes, 
appear on the vortex and parametrize the coset 

SU(N) ^^.x 



SU(N-l) x U(l) 



CP N ~\ (1.4) 



1 Here we take common gauge couplings for SU(N) and ?7(1) of U(N) = [U(l) x SU(N)]/Z N for simplicity. 



whose size (Kahler class) is given by 4-7r/g 2 [3H6]. The generic vortex solutions can be obtained 
by acting on the above solution with U G SU(N) C+F , i.e., H -»■ WHU, ->■ WA^U. We 
parametrize them by using a normalized complex N- vector (f> (<fy ■ <fi = 1) 

H = vl N + (H ANO - v)U\ A, = Af°$fi. (1.5) 

Since the overall t/(l) phase of <fi is unphysical, the vector <fi can indeed be interpreted as the 
homogeneous coordinates of <CP N ~ l . The moduli space of multiple vortices was found in Ref. [7] 
in terms of the moduli matrix formalism [HE]. The moduli space metric has been found recently 
for well-separated vortices (TQjlIl] using a generic formula for the Kahler potential on the moduli 
space [T2j . 

The starting point of our analysis is the observation that the vector for a single vortex 
transforms according to the fundamental representation of SU(N)c+f- in this precise sense the 
non-Abelian vortex belongs to the fundamental representation of SU(N)c + p. Now the following 
question naturally arises: How does the color-flavor symmetry act in the moduli space Aik, and 
to which representations do k vortices belong? Since each vortex has an orientational vector 
<pi (I — 1, ... , k) in the fundamental representation of SU(N)c+f, one expects that it is simply 
described by the tensor product of fundamental representations, e.g., 

□®n=meB- ( L6 ) 

However, the situation is not so simple since the orientational vectors <pj are well-defined only 
when all vortices are separated. What happens when two or more vortices sit on top of each 
other? To answer these questions we must study the moduli space in such a way that allows a 
smooth limiting case where the vortex centers are taken to be coincident. 

The problem was already studied in the literature for k = 2 coincident vortices in U(2) gauge 
theory [TBTfTB] , and partial answers were obtained. While each vortex carries an orientation in 
CP 1 , the moduli space of two coincident vortices was found to be WCP^ 2 u ,~ CP 2 /Z2 [T3HT5] . 
In this case, each vortex belongs to 2 so that the composition rule (jl.6p yields 2 ® 2 = 3 © 1. 
We have indeed found the moduli parameters transforming as 3 and a singlet configuration 
corresponding to a Z 2 singularity [J5] . However, the precise knowledge about the correspondence 
between the representations and points in the moduli space was lacking. In other words, we did 
not know the true meaning of the composition-decomposition Eq. (11.61) at that time. 
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These questions are clarified in the present paper. 

These issues are actually intimately related to the question of the non-Abelian monopoles. 
Indeed, a U(N) vortex system such as ours can always be regarded as a low-energy approximation 
of an underlying larger, e.g. SU(N + 1), gauge theory, spontaneously broken to SU(N) x U{1) 
gauge group, by the vacuum expectation value (VEV) of some other scalar field at a mass scale 
much higher than the typical vortex mass scale. In such a hierarchical symmetry-breaking setting, 
whatever properties we find out about the vortices can be translated into those of the massive 
monopoles sitting at the extremes, as a homotopy-sequence consideration relates the two, at least 
semi-classically jl7^ . We shall, however, not dwell much on these points in the present work: we 



shall come back to them elsewhere. 

In this paper the moduli space of k vortices are studied by using the U(k) Kahler quotient 
construction due to Hanany-Tong [TJ. We analyze the moduli space in algebraic geometry by 
using certain SL(k, C) invariants: symmetric polynomials of the vortex centers and "baryonic 
invariants" □. We find algebraic constraints for these invariants which specify the embedding of 
the internal moduli space in a complex projective space. The moduli space of vortices contains 
various SU(N) orbits, each of which belongs to a certain representation of SU(N). We ana- 
lyze the structures of those SU (N) orbits by using "vortex state vectors" constructed from the 
SL(k, C) invariants, by the help of some auxiliary harmonic-oscillator states. 

When k vortices are all separated, vortex states can be written as coherent states in such 
a description. Accordingly, the vortex states can be shown to correspond to factorized (non- 
entangled) products of k single vortex states in the fundamental representation. 

The situation of the /c-winding vortices with coincident centers turns out to be considerably 
subtler. It will be shown that each SU(N) orbit of k rotationally invariant (axially symmetric) 
vortices corresponding to some irreducible representation, which we call the "irreducible SU(N) 
orbit," can be classified by a Young tableau with k boxes. Generic orbits belong to reducible 



2 The monopole-vortex correspondence becomes far subtler when one is interested in the properties of light 

monopoles. The low-energy dynamics and renormalization-group effects both for the vortex |3l4j and monopole [19] 

must be properly taken into account. This requires also a careful identification of the quantum vacua |20j . as 

many of the systems involved possess large vacuum moduli. 

3 Although they have nothing to do with real physical baryons, for formal similarity and for convenience these 

invariants will be referred to "baryonic invariants" or simply as "baryons": see Sect ion [2 . 1 1 below . 
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representations and the associated vortex states can be written as a superposition of irreducible 
states. 

One of the deepest aspects of our results is the fact that the vortex moduli, which describe 
a degenerate set of classical extended field configurations, behave under the exact SU(N) global 
symmetry as a moduli space of quantum oscillator states, characterized by irreducible multiplets 
and having the possibility of superposition of "states". Even if this should be regarded just 
as a formal aspect of mathematical interest here, it could provide a physical key to quantum- 
mechanical understanding of non-Abelian monopoles through the vortex-monopole connection, 
briefly mentioned above. 

Also, albeit our results here - understandably - basically obey the standard composition rule 
for SU (N) multiplets, the composition rule of the non-Abelian vortices is found to possess various 
special features (see below); for instance, the vortex moduli space involves in general much fewer 
dimensions than naively expected. 

All irreducible SU(N) orbits are Kahler submanifolds inside the full moduli space. We shall 
construct the Kahler potential on each of the irreducible SU(N) orbits and find that the coef- 
ficient of the Kahler potential is quantized as an integer: the latter is uniquely specified by the 
associated Young tableau. We point out the existence of a duality between pairs of irreducible 
orbits corresponding to the conjugate representations of SU(N), which are found to describe, as 
expected, the same low-energy effective action. 

The rest of the paper is organized as follows. In SectionEJ the basic features of the moduli 
space of k non-Abelian vortices are reviewed. We then proceed to construct the "baryonic 
invariants" which form good coordinates on our moduli space. By making use of these we find the 
representations of k separated vortices in Section l2T2j we construct an irreducible representation 
for a specific (highest-weight) configuration of coincident vortices in Section l2l?l In Section|3] 
the solution to the constraints on the "baryonic invariants" is worked out and the result is used 
to show the SU(N) decomposition rule for generic vortex solutions for given k. A particular 
attention is paid to the consideration of the limit of co-axial vortices. The cases of k = 1, 2, 3 are 
explicitly solved, while a general recipe is given, valid for any N, k. The Kahler potentials for 
the irreducible SU(N) orbits are obtained in SectionHJ A brief summary and outlook is given in 
Section^ A few details of our analysis are postponed to the Appendices. 
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2 Moduli space of non-Abelian vortices 



2.1 The moduli space and GL(k : C) invariants 

The moduli space of the non-Abelian U(N) vortices governed by the BPS Eq. (11.11) was first 
studied by Hanany-Tong [TJ. There the dimension of the moduli space Aik of k vortices has been 
shown by using an index theorem calculation to be 

dimc.M fc = kN, (2.1) 

with k being the topological winding number. Moreover, they found a D-brane configuration and 
derived a Kahler quotient construction for Aik- It is sometimes called a half-ADHM construction 
by analogy with the moduli space of instantons. In the D-brane configuration, the k vortices are 
k D2-branes suspended between N D4-branes and an NS5-brane. The low-energy effective field 
theory on the k D2-branes is described by a U(k) gauge theory coupled with a k-by-k matrix 
Z in adjoint representation and a k-by-N matrix ip in the fundamental representation k of the 
U(k) gauge symmetry, given by D2-D2 strings and D2-D4 strings, respectively. The U(k) gauge 
symmetry on the D2-branes acts on Z and x/i as 

(Z^)^(gZg-\g^), gEU(k). (2.2) 



The moduli space Aik can be read off as the Higgs branch of vacua in t 
the k D2-branes, which is the Kahler quotient of the U(k) action (12.2 



re U{k) gauge theory on 



M k - Mf = { (Z, n D = rljfc } /U(k), (2.3) 

fi D = [Z,Zt]+^t. (2.4) 

This Kahler quotient gives a natural metric on Aik provided that (Z, if;) has a flat metric on 
(£fc(fc+iV) _ Unfortunately, the geodesies of such a metric do not describe the correct dynamics of 
vortices pp. The 2d FI parameter r is related to the 4d gauge coupling constant by 

r = 4' ( 2 - 5 ) 

g 2 



4 The general result of Ref. [T] in U(N) theory for Np > N flavors is dimc-M/c = kNp. However, we restrict 

our attention to the case N-p = N and hence local vortices in this paper. 

5 Here the normalization of the scalar fields Z, ip is chosen so that they have canonical kinetic terms in the 2- 

dimensional effective gauge theory on the D2 branes. In this convention the eigenvalues of Z (i.e. vortex positions) 

are dimensionless parameters. 
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which holds under the RG flow if the 4d theory has M = 2 supersymmetry and the 2d theory 
has Af = (2, 2) supersymmetry OH]. 

According to Ref. [21] the Kahler quotient ( 12. 3 j) can be rewritten as a complex symplectic 
quotient as 

M k = {(Z,if>)}//GL(h,C), (2-6) 

where instead of having the D-term condition \xd = rlf~, the pair of matrices (Z, ip) is divided by 
the complexified non-compact group U(k) = GL(k, C) which acts in the same way as Eq. ( 12.2ft . 
Here the quotient denoted by the double slash "/" means that points at which the GL(k, C) 
action is not free should be removed so that the group action is free at any point. This quotient 
is also understood as the algebro-geometric quotient, so that the quotient space is parametrized 
by a set of GL(k, C) holomorphic invariants with suitable constraints, see e.g. Ref. [22] . 

The starting point of our analysis, Eq. ( 12 .6j) . can also be obtained directly from a purely 
field-theoretic point of view, based on the BPS equation ( II. ip . It has been shown by using 
the moduli-matrix approach [7H9] that all the moduli parameters of the /c-vortex solutions are 
summarized exactly as in Eq. ( 12. 6p . The 4d field theory also provides the correct metric on 
M.k describing the dynamics of vortices as a geodesic motion on the moduli space. Although a 
general formula for the metric and its Kahler potential has been derived [12], the explicit form 
of the metric is however difficult to obtain since no analytic solutions to the BPS equation are 
known. Nevertheless, the asymptotic metric for well-separated vortices has recently been found 
in Ref. [ID]@ 

In what follows, we analyze the moduli space Eq. (12. 6p without assuming any metric a priori. 
Our prime concern is how the exact global SU(N) symmetry acts on the vortex moduli space 
A4k- The matrix Z is a singlet while i/j belongs to the fundamental representation N. Namely, 
the SU (N) acts on Z and ip as 

Z -> Z, ip^ipU, UeSU(N). (2.7) 

As will be seen this action induces a natural SU(N) action on the moduli space of vortices. 
We will also discuss the metrics on the symmetry orbits on which the SU(N) acts isometrically. 
To this end, we use the algebro-geometric construction [22J of the moduli space by using the 
GL(k, C) invariants which provide a set of coordinates of the moduli space. 
6 See Ref. [TT| for an alternative formula for vortices on Riemann surfaces. 
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Clearly, the coefficients o"j (i = 1, . . . , k) of the characteristic polynomial of Z are invariants 
of the GL(k, C) action 

k 

det (Al fc - Z) = X k + ^(-ljVfA*-*. (2.8) 

i=l 

Since the vortex positions zj (I = l,...,k) are defined as the eigenvalues of Z (roots of the 
characteristic polynomial) 

k 

det(Al fc -Z) = JJ(A-zj), (2.9) 

7=1 

the parameters <Tj and zj are related by 

a i = P i {z 1 ,--- ,z k ), (2.10) 
where Pi (i — 1, . . . ,k) are the elementary symmetric polynomials defined by 

Pi(z u - ■■ ,z k ) = ^ z h z l2 ---z h . (2.11) 

i</i<— </i<fc 

Note that vortex positions zi are not fully invariant under GL(k, C) transformations since they 
can be exchanged by the Weyl group 

Other invariants can be constructed as follows. Let (n — 0, 1, . . .) be the following (k, N) 
matrices of SL(k,C) x SU(N) (Eqs. (Q and (l2T7jl ): 

g (0) =^, Q (1) = Z^, Q^=Z n ^, .... (2.12) 

One can construct SL(k, C) C GL(k, C) invariants from Q( n ) by using the totally anti-symmetric 
tensor e 4l "' Jfc as 

r>n 1 ri2 - n k _ iii 2 ---ik /^)( ni ) (^)( n2 ) ,o(™fc) /<-> iq\ 

JD nr 2 -r k — e ^i 1 r 1 K ^i 2 r 2 ' " ^i k r k ' l^.lOj 

We call these the "baryonic invariants" or sometimes simply "the baryons" below, relying on a 
certain analogy to the baryon states in the quark model (or in quantum chromodynamics). 

Remark: although obviously they have no physical relation to the real-world baryons (the 
proton, neutron, etc.), no attentive reader should be led astray by such a short-hand notation. 

Note that the baryons (12.131) are invariant under SL(k, C) and transform under the remaining 
U(lf ^ C* as 

T>nw2—n k , p \jDnm 2 —n k (9 1A\ 

JD rir 2 -r k ^ e D r\r 2 -r k i 

8 



with a suitable weight A. 

The vortex positions {zj} = C k /&k — C h are parametrized by the moduli parameters {o"j} = 
C k . In addition to these parameters, there are baryons 

^ r 1 r 2 -r k I v i 

as moduli parameters, where V denotes an infinite-dimensional complex linear space spanned 
by the baryons. The problem is that not all of these invariants are independent of each other; 
the baryons B™^"'™* and 0{ satisfy certain constraints by construction. Therefore, the vortex 
moduli space Eq. (12. 6p can be rewritten as 

M k = {C k x V | constraints }//C*. (2.15) 

Since the baryonic invariants transform under SU(N), there exists a linear action of SU(N) on 
V: this induces an SU(N) action on the moduli space. 

Consider now the constraints on the parameters <7j and the baryons f?J?^"'™* in more detail. 
For this purpose it turns out to be convenient to introduce an auxiliary set of k linear harmonic 
oscillator states, each of which carrying an SU (N) label, and make a map from the vector space 
V to the Fock space of such oscillators. Let us introduce a "vortex state vector" 3 \B) G V by 

\B) = Yl ( , / |7T^"^K»"i)®|n 2 ,r 2 )®..-(8)|n fcj r fc ), (2.16) 



«i,~,"fc \n\\n 2 \ ■■•n k i)2 



a] 



with rii G Z>o, 1 < Tj < N; the associated annihilation and creation operators Oj, a{ (i — 1, . . . , k) 

■ g) \rii,ri) ® ■ ■ • J = ^- • ■ <g> |n, - l,r.j) <g> • • ■ J, (2.17) 

•®|ni,ri)®---J = V«* + 1 (•• • ® |wi + hn) ® •• - J (2.18) 
satisfy the standard commutation relations 

[a h a]] = [a i5 %] = [a|, a]] = . (2.19) 

Note that once \B) is given, the baryonic invariants can be read off from the following relation 

B n r lZ'' r rt = (o,n ; • • • ; o,r fc | (a 1 )^(s 2 ) n2 • • • (a fc ) nfe |b> , (2.20) 

where |0, r% ; • • • ; 0, r^) = |0, ri) <g) • • • ® |0, r^) are the ground states. Now there are three types 
of constraints to be taken into account (see Appendix |A] for more details): 



7 We hasten to add that no relation between the notion of vortex "state vectors" here and any quantum 
dynamics is implied by such a construction. 
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1. From definition (12.1 3D one can see that the baryons satisfy the anti-symmetry property 

gAi-Ai-Aj-A k _ l> A 1, 1 [2 21) 

where Ai stands for the pair of indices (n^rj). This constraint can be rewritten as 

p\B) = sign(p)\B), (2.22) 
where p denotes an element of the symmetric group & k . For an element p e & k 




(2.23) 



the action on the state is defined by 

p\n u ri) ® \n 2 ,r 2 ) ® • • • <8 \n k ,r k ) = \n h , r h ) <g) \n h , r h ) ® ■ ■ ■ ® \n Ik , r Ik ) . (2.24) 

2. The second condition is a consequence of the relation Q( n+m ) = Z m Q ( - n \ It follows that 

Pi(a u --- ,a k )\B) =(Ti\B), (z = 1, . . . , k), (2.25) 
where Pj(di, • • • , a k ) are the elementary symmetric polynomials made of a, (cfr. Eq. ( 12. lip ). 

3. The last type of constraints are the quadratic equations for the baryons, which follow from 
Eq.(El3D: 

gA 1 A 2 ---A k _ 1 [A k ■gB 1 B 2 - B k ] _ g ^ 26) 

where Ai stands for the pair of indices (n^rj). This constraint is a generalization of the 
Pliicker relations for the Grassmannian. 

Eqs. (12.221) and (12.251) can be viewed as linear constraints for baryons with Uj-dependent coeffi- 
cients. Therefore, for a given set of values {<Jj}, they define a linear subspace W(ai) C V to which 
the vortex state vector \B) belongs. We will see that the representation of the SU(N) action on 
W(<Ti) is independent of <Xj and isomorphic to k copies of the fundamental representation N 

k 

W(<Ti) = C Nk = (g)N. (2.27) 

i=l 

Note that not all vectors in this "state space" W{ai) represent vortex state vectors since they 
must still satisfy Eq. ( I2.26p . Namely, the vortex moduli space is defined by the constraints (12. 26 p . 
which are quadratic homogeneous polynomials of the coordinates of W{aj) with c^-dependent 
coefficients. 
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2.2 The moduli space of k separated vortices 

Let us first consider the case of winding-number k vortices with distinct centers, Zj 7^ zj (for all 
I ^ J). It follows from Eq. ([2~25]) that for % = 1, 2, . . . , k 

k I k \ k 

- zj) \B) = (a 4 ) fc + ^(-l)V n (a,) fc - n \B) = " %) \B) = 0. (2.28) 

7=1 \ n=l / j=l 

Thus, in the case of zj 7^ zj, there exists an Jj {1 < h < k) for each i such thac 

&i I B) = z h 1 75) . (2.29) 
Namely, the most generic form of the solution to the constraint fl 2 . 2 8 [) is 

\B) = l ~ } rlt'rt \ z h,n) <8) \z h ,r 2 ) ®---®\z Ik ,r h ), (2.30) 



where \zi i ,rj) are the coherent states defined by 

\z h ,ri) = exp [z h a)A |0,r<> . (2.31) 



Recall that the coherent states are eigenstates of the annihilation operators 

a* \z h ,Ti) = z h \z Iv ri) . (2.32) 

Then the constraint (12.251) reads 

Pi(z h ,z h ,--- ,z Ik )\B) =<n\B) ( = P i {z l ,z 2 ,--- ,z k )\B)y (2.33) 

This means that {zj ± , zj 2 , • • ■ , zj h } is a permutation of {zi, z 2 , • • ■ , Taking into account the 
anti-symmetry condition (12.221) . the solution of the constraints (12.221) and (I2.25P is given by 

\B) = B rir2 ... rk A(\z 1 ,r 1 )®\z 2 ,r 2 )®---®\z k ,r k )Y (2.34) 

ri,r 2 ,— ,r k 

where A denotes the anti-symmetrization of the states 

A = ^sign(p)p. (2.35) 

' PG6 fc 



8 Note that this relation does not necessarily hold for coincident vortices. For example, if zj = zj = zq (I 7^ J), 
the constraint (|2.28[) can also be satisfied by a state vector \B) such that 

(fii - z ) 2 \B) = 0, &i \B) ± z \B) . 
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For a given set {z±, z%, ■ ■ • ,Zk}, the solutions ( 12.34}) span an iV fc -dimensional vector space W{ai) 
and the redefined baryons B rir2 ... rk are the coordinates of W(<Ji). As stated in Eq. ( 12.27}) . B rir2 ... rk 
is in the direct product representation (^)* =1 N. They can be expressed in terms of the original 
baryons B™™'"?pi by using the relation 

B n r 2 ~r h = (0, ri ; • • • ; 0, r k \ ei(ai) • • • e k (a k ) \B) , (2.36) 

where |0, T\ ; • • • ; 0, rjfc) = |0, ri) ® ■ ■ ■ <g> |0, r&) are the ground states and ej (/ = 1, . . . , k) are the 
polynomials defined as 

A - zj 



(X) = l[-—L, ( ei (zj) = 6u) . (2.37) 



W Zl ~ ZJ 



Since this polynomial is ill-defined for coincident vortices Zj = zj (for I ^ J), the coherent 
state representation (12.341) is valid only for separated vortices. As we will see later, there exist 
well-defined coordinates of W{<Jj) for arbitrary values of <7j. They can be obtained from B rir2 ... rk 
by linear coordinate transformations with ^/-dependent coefficients. Hence the result that the 
linear space W((Ji) has the representation <S>^ =1 N holds for arbitrary values of <Tj, including the 
coincident cases [zi = zj), as well. 

So far we have specified the state space W(&i) to which the vortex state vectors belong. Now 
let us examine which vectors in W{(Ti) can be actually allowed as vortex state vectors. The 
remaining constraint is the Pliicker relation (I2.26P which reads 

B ri ... ri ... rk B sl ... Si ... Sk — B ri ... Si ... rk B Sl ... r .... Sk , (2.38) 

for each % = 1, 2, . . . , k. This is solved by 

^ = «-<- ( 2 - 39 ) 

Since the baryons are divided by U(l) c C GL(k,C), the multiplication of a non-zero complex 
constant on each of cf) 1 G (/ = 1, . . . , k) is unphysical. Therefore, each iV-vector (p 1 = 
((f)[, • • • , </>jy) parametrizes CP N ~ l . 

We thus see that for separated vortices the baryon given in Eq. (12.341) can be written as an 
anti-symmetric product of "single vortex states" 

N \ / N \ / N 



\B) =A 



A ki. ) ® ( Yl i 22 ' r2 ) J ® • • • ® ( Yl rfc ) 

\r\=\ / \r 2 =l / \f'fc=l 

12 



(2.40) 



This means that the moduli space of the separated vortices is just a ^-symmetric product of 
C x CP^" 1 parametrized by the position of the vortices zj and the orientation (p 1 [7] 

A^-scparatcd ~ (C X CP^'j^ /©fc, (2.41) 

where &k stands for the symmetric group. Note that the space of vortex states Eq. (12.40 j) . 
which are just generic (anti-symmetrized) factorized states. It spans far fewer dimensions (2Nk) 
than might naively be expected for the product-states made of k vectors, which would have a 
dimension of the order of 2N k , ignoring the position moduli. 

Remarks 

As is clear - hopefully - from our construction, the use of the vortex "state vector" notion is 
here for convenience only, made for exhibiting the group-theoretic properties of the non-Abelian 
vortices. In other words we do not attribute to \B) any direct physical significance. Accordingly, 
we need not discuss the question of their normalization (metric on the vector space V) here. Note 
that two of the constraints (Eq. (I2.22p and Eq. (I2.25P ) are indeed linear; the third, quadratic 
constraint (Eq. (I2.26[) ) does not affect their normalization either. 

It is tempting, on the other hand, to note that any choice of a metric in V would induce a 
metric on the vortex moduli space, which is of physical interest. As discussed briefly in Appendix 
|B| however, a simple-minded choice of the metric for \B) does not lead to the fully correct behavior 
of the vortex interactions. 

2.3 Highest-weight coincident vortices and SU{N) irreducible orbits 

Let us next consider k vortices on top of each other, all centered at the origin. Namely we focus 
our attention on the subspace of the moduli space specified by the condition 

Oi = for all i. (2.42) 

Since the coherent states of Eq. (I2.30p are not the general solution to the constraint (12. 28ft . the 
situation is now more complicated. To understand the structure of this subspace in detail, it is 
important to know how the SU(N)c+f acts on it. As we have seen, the moduli space of vortices 
can be described in terms of the vortex state vector endowed with a linear representation of the 
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SU(N) action. We will denote the SU(N) orbits of highest-weight vectors (to be defined below) 
the "irreducible SU(N) orbits" since the vectors belong to irreducible representations on those 
orbits. In this subsection we classify irreducible SU(N) orbits by Young tableaux. 

The "highest-weight vectors" will be defined as the special configurations of ip and Z satisfying 
the following conditions: 

• Any [/(l)^ -1 transformation in the Cartan subgroup of SU(N) can be absorbed by a 
GL(k,C) transformation. Namely, for an arbitrary diagonal matrix D G U(l) N ~ l , there 
exists an element g G GL(k, C) such that 



i^D = gifj, 



Z = gZg- 1 . 



(2.43) 



Any infinitesimal SU(N) transformation with a raising operator E a can be absorbed by an 
infinitesimal SL(k, C) transformation. Namely, for an arbitrary lower triangular matrix L 
whose diagonal entries are all 1, there exists an element g G SL(k, C) such that 



gZg 



(2.44) 



Such configurations are classified by a non-increasing sequence of integers {I1J2, ■ •• , ^1} satis- 
fying 



N > h > l 2 > ■ - - > l kl > 0, h + h + • • ■ + lid = k. 

In other words, they are specified by Young tableaux (diagrams)^ with k boxes 

fei 



, * V 


1 


1 






1 


2 


2 




2 
















h 






h 









(2.45) 



(2.46) 



where the height of the i-th column is Zj and the width of the z-th row is k^. The total number 
of boxes is equal to the vortex winding number k. An example of a pair of matrices (i/j, Z) 
corresponding the highest- weight state is given in Fig.[TJ For such a pair of matrices (ip, Z), one 



9 In the following, the term "Young tableaux" is used to denote diagrams without numbers in the boxes (Young 
diagrams), unless otherwise stated. 
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Fig. 1: An example of a k-by-(N + k) matrix (ip, Z) with k\ = 4. The painted square boxes stand for 
unit matrices while the blank spaces imply that all their elements are zero. 



can check the existence of g and g satisfying Eq. (I2.43P and Eq. (I2.44p . given by 



/ 



D, 



\ 



D, 



\ 



U 



\ 



(2.47) 



where k\ is the number of boxes in the first row of the Young tableau, and and Li- are the 
upper-left U-by-U minor matrices of D and L, respectively!^ 

The baryons corresponding to (ip, Z) are given by 



\B) 



A 



\k) ® \h) ® • • • ® \K) 



\n, 1) ® \n,2) 



\n,l n+1 ). (2.48) 



We claim that this state is the highest-weight vector of the irreducible representation of SU (N) 
specified by the Young tableau. This can be verified as follows. Since (ip, Z) satisfy the condition 
Eq. (12.43 p . the baryons transform under the U(l) N ~ l transformation according to 

\B) det g \B) = exp (i ^ kfiA \B) , ^ ^ = 0, (2.49) 

V i=i J i=i 

where kj, is the number of boxes in the z-th row of the Young tableau. The weights of the ^(l)^" 1 
action can be read off in terms of h as 



777*7 — kn k 



(2.50) 



where the integers [mi,m2, ■ ■ ■ , uin-i] are the Dynkin labels. On the other hand, since (i/j, Z) 



satisfy the condition Eq. (I2.44p . the SL(k,C) invariants are annihilated by the raising 
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For example, D u = diag (e tSl , • • • , e l9 ^ ) for D = diag (e lSl , • • • , e i0N ). 
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fci =3 
k 2 = 3 
k 3 = 2 
ki = 2 
fc s = 1 
fte = l 
fc 7 = 1 



?i + 1 = 2 

g 2 + l = 2 

93 + 1 = 3 



m = [ , 1, 0, 1, 0, 



5t/(2) 17(1) 517(2) 17(1) 517(3) 



SU{7) 



Fig. 2: An example with N = 7, m = [0,1,0,1,0,0] (and fc = 13), .M orbit = S U(2)xSU(2)xSU(3)xU(i) i 
The black nodes in the Dynkin diagram denote the removed nodes |23j . 



operators 



E a \B) = 0. 



(2.51) 



We have thus proved that ( I2.48P represents the highest-weight state of the representation (I2.46P 
in the usual sense. 

We define an "irreducible SU(N) orbit for the set of Dynkin labels: [mi,m,2, ■ • • , Ttiv-i] " as 
an SU(N) orbit of the corresponding highest- weight state. Note that this definition is obviously 
independent of the choice of [/(l)^" 1 e SU(N) in Eq. f !2.43p . It is known that such an orbit is a 
generalized flag manifold of the form SU(N)/H with H being a subgroup of SU(N) which acts 
on the highest-weight state as 



h\B) = e w{h) \B) ~ \B) 



V/z G H. 



(2.52) 



The subgroup H can be specified by removing the nodes in the Dynkin diagram which correspond 
to non-zero Dynkin labels rrii ^ 0, i.e. it is specified by a painted Dynkin diagram [23]. Therefore, 
the irreducible orbits can be written as generalized flag manifold^ 

Moihit = su( qi + i)x...xsu(q p+1 + i)xu(iy> (2 - 53) 

where p (1 < p < N — 1) is the number of removed nodes and qi (z = 1, . . . , p + 1) is the number 
of nodes in the connected component between the (i — l)-th and i-th removed nodes (see Fig.[2]). 
The number p is denoted the rank of the Kahler coset space (I2.53|) . One can also verify that an 
if -transformation on (i/j, Z) can indeed be absorbed by GL(k, C) transformations. 

It will now be shown that the irreducible orbits are the fixed-point set of the spatial rotation 



(rP,Z) -+ ^,e ie Z). 



(2.54) 



1 These orbits were studied in a non-systematic way in Ref. 
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To see this, it is sufficient to check that the highest-weight state is invariant under the rotation 
(I2.54p . since the SU(N) transformations commute with the spatial rotation. One way to show 
the invariance of the highest-weight state is to find a GL(k, C) transformation which cancels 
the transformation (12. 54ft on the matrix of Fig.[TJ A different, but easier, way is to check the 
invariance of the highest-weight state ( I2.45P under the action of the spatial rotations explicitly. 
Since the generator of the spatial rotation J acts on the ground state |0) = |0, r±) <8 • • • <8> |0, r&) 
and the operators a, a) as (J is just a number operator) 

J|0) = 0, [J, ai] = -a h [J, a\] = aj, (2.55) 

the highest-weight state ( 12.45P is an eigenstate of J, hence the state transforms as 

\B) -> exp (i6J)\B) = exp i^nl n+1 ^ \B) . (2.56) 

Since the phase of the state vector is unphysical, Eq. (I2.56P shows that the highest-weight state 
is invariant under the spatial rotation. Therefore, the irreducible orbits are in the fixed-point 
set of the spatial rotation. The inverse also turns out to be true: we can show by using the 
moduli-matrix formalism that any fixed points of the spatial rotation are contained in one of the 
irreducible orbits. Therefore, the fixed-point set is precisely the disjoint union of the irreducible 
orbits. 

All this can be seen more explicitly in terms of the original fields. The solution (H, A^) to 
the BPS equation ( II. ip corresponding to the irreducible orbits can be determined from the fact 
that they are invariant under the spatial rotation 

H(z, z) -> H{e~ ie z, e t9 z), A- Z (z, z) -> e iB A- Z {e~ id z, e t8 z), (2.57) 

where A? = A\ + %Ai. Let (H^ k \ A^) be the solution of k ANO vortices situated at the origin 
z — 0. They transform under the rotation as 

(e~ l0 z, e i9 z) = e^tf^, z), Af {e~ w z, e i9 z) = a£\z, z), (2.58) 

The solution on the irreducible orbits can be obtained by embedding the ANO solutions into 
diagonal components 

H = t/tdiag (H^\ H {k *\ ■■■ , H^) U, A, = U ] (a^, Af 2 \ ■■■ , A^ U, (2.59) 
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where U G SU(N)c+f- Note that the sequence of the numbers {k±, k 2 , ■ ■ ■ , k^} can always be 
reordered as ki > k 2 > • ■ ■ > k N > by using the Weyl group &jy C SU(N) c +f- This solution 
is invariant under the rotation since the phase factors of the Higgs fields can be absorbed by the 
following gauge transformation 

H gH, A- z -> gA- z g\ g = f/Miag (e~^ e , e" ifc20 , • • ■ , e~^ e ) U G U{N) C . (2.60) 

We can also see that the solution (I2.59P is invariant under the same subgroup of SU(N) as 
the state on the irreducible orbit specified by the Young tableau with ki boxes in the i-th row. 
Therefore, the irreducible orbit with the set of Dynkin labels [mi, • • • , mjv-i] = ki — fcj+i) 
corresponds to the BPS solutions of the form of Eq. (12.591) . 

In the next section, we will show that a vortex state at a generic point on the moduli space 
is given by a linear superposition of vectors corresponding to various irreducible representations. 
Furthermore, in SectionHJ metrics for all irreducible SU(N) orbits will be obtained by assuming 
that the metrics are Kahler and isometric under the SU(N) action. 

3 SU(N) decomposition of general k vortex states 

In this section we solve the constraints ( 12.251) and ( 12.261) in order to find the SU(N) property of a 
general k- winding vortex. The cases of k = 1, 2 and 3 are solved concretely; a general recipe for 
the solution will be given, valid for any N and for any winding number k. A particular attention 
will be paid to the vortices with coincident centers. The results of these analyses provide the 
SU(N) decomposition rule for a generic vortex state of a given winding number. 

3.1 k = 1 vortices 

k = 1 is a trivial example. In this case, we have 

N 

<j\ = z 1 , \B) = y~]<f> r \z 1 ,r) . (3.1) 



r=l 



There is no nontrivial constraint, so that the moduli space is 



M" = C x CP- K C x su{N S °[* m . (3.2) 
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As \B) is in the fundamental representation of SU(N), the orientational moduli space is given 
by the orbit of a vector in the fundamental representation. 

3.2 Solution of the constraints for k = 2 

This is the first case with nontrivial constraints. 

k = 2 U{N) vortices 



With coordinates 0\ = Z\ + z 2 G C and a 2 = Z\Z 2 G C, the linear constraints (1 2 . 2 5 [) in this case 
are given by 



(ai + a 2 ) \B) = o-i |5) , fiia 2 |5) = a 2 |5) 



(3.3) 



which are equivalent to the following equations for the baryonic invariants 



t> r s + B r s = a 1 ±S rs , B r s = cr 2 B rs . 



(3.4) 



In Section |2~2| we have seen that the solution can be expressed by the coherent states for separated 
vortices. Let us see what happens to the coherent states in the coincident limit. In the case of 
k = 2, the coherent state representation of the solution is given by 



l -B 



n.) ® 1*2, r 2 ) - \z 2 ,r 2 ) <S> \zi,n) ). 



It is convenient to decompose B rir2 into the irreducible representations of SU (N) 



A 



B rir2 B T2Tl 



r ± r 2 



S ri r 2 — 



(3.5) 



(3.6) 



Then, the solution can be rewritten as 
\B)- 



A nr2 cosh {Zl ' Z2 f l ~ ^ + S nn sinh ^ ~ ^ ~ 4) 



0"! 



<?1 



,r 2 



where o\ = z\ + z 2 . If we naively take the coincident limit z 2 — > z±, the symmetric part drops 
out 



\B) A 



&1 



Y' r2 



(3.7) 
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Although this state satisfies the constraint ( 13. 3ft . this is not the most general solution in the 
coincident case. To obtain the correct expression for the most general solution, let us redefine 



A — A 



_ Z\ — Z 2 x 
o rir2 — o rir2 . 



(3.1 



Then, the solution (13.51) can be rewritten as 



oo 1 



-A\2n 



n=0 



A rir2 -\- 



1 



2n + 1 



S rir2 (a\ a 2 



01 

Y' ri 



01 

Y' r2 



(3.9) 



where we have introduced a square of the relative position as 



_ °T 
w = a 2 

4 



K z x - z 2 



(3.10) 



In this expression, it is obvious that the symmetric part also survives in the coincident limit 
w -»■ 



(Ti 



0i 
2 ' 



(3.11) 



Therefore, Eq. H 3 . 9 1) is the most general form of the solution which is valid also in the coincident 
limit. The symmetric and anti-symmetric tensors S rs and A rs in Eq. ( 13 .9p are the well-defined 
coordinates of the vector space W((Ji) for arbitrary values of Clearly these correspond to 
the decomposition of the tensor product N <g> N into irreducible representations of SU(N). A 
generic point on the moduli space is described by a superposition of the states belonging to different 
irreducible representations. 

In terms of A rs and S rs , the baryonic invariants can be read off from the solution using ( 12.201) 

10 rt , 0i 



B 



00 



1 1 , 



B 



B 



ii 



cr 2 A r 



(3.12) 



and hence, the Pliicker conditions (12. 26 p . which are the remaining constraints, can be rewritten 

as 



AA4-AA4-AA 

- rl pq- r '-rs ~ - rl vr- r '-sa ~ -"-vs 1 ^- 



pr 1 '-sq 



L ps 1 l qr 



ApqS rs ~\- A r pSq S -\- Sp S Aq r 



^ J*-pqA rs -\- Sp V Sq S Sp S Sq r 



0. 
0. 
0. 



(3.13) 
(3.14) 
(3.15) 



By these constraints, the moduli space of two vortices is embedded into C x CP which is 
parametrized by independent coordinates {a±, a 2 , A rs , S rs }. 
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Now, let us look into two different subspaces corresponding to the irreducible SU (N) orbits. 
They are obtained by setting 1) S rs = 0, A rs ^ and 2) A rs = 0, S rs ^ 0. 

1) Consider first the subspace with S rs = 0. Eq. (I3.15P allows S rs = only in the coincident 
case w = 0. Note that Eq. (I3.14p is automatically satisfied by S rs = 0, and that Eq. (I3.13P gives 
the ordinary Pliicker conditions which embed the complex Grassmannian Gr^^ into a complex 
projective space Qp^^ -1 )/ 2-1 ~ {A pq }//C*. We find therefore that the subspace S rs = is: 

^ ac « Gr - s c x m^m^m - (316) 

According to the results in the previous section, this is the irreducible SU(N) orbit for B . 

2) In the other subspace characterized by A rs = 0, we have a nontrivial constraint S pr S qs = 
SpsS q r- The general solution is 

S rs = (f) r s , 4> r eC N . (3.17) 

Here <j) r is nothing but the orientation vector given in Eq. (13. ip . so S rs = (j) r (j) s corresponds to the 
k = 2 vortices with parallel orientations. The corresponding moduli subspace is given by 

Mn s C * x CP- a e- x su(N SU _^l u{iy (3,8) 

which is indeed the other irreducible orbit, extended for generic w. We have thus identified the two 
moduli subspaces, the irreducible SU (N) orbits of anti-symmetric and symmetric representations, 
respectively. They correspond to the vortex states in Eq. (13. 9p without the second or the first 
term, respectively. The generic vortex state (13.91) is a linear superposition of these two states. 

Note that in some cases the orbits of different representations are described by the same 
coset manifold. For example, both □ and CTJ are given by CP^ -1 , see Eqs. (I3.2p and (I3.18p . As 
we shall see in SectionHJ however, the Kahler class completel y s pecifies the representations and 
distinguishes the orbits belonging to different representations^. 



More on k = 2 coincident U (2) vortices 

Let us study k = 2 vortices in the U(2) case in some more detail by looking at another slice of 

the moduli space. This case in particular has been studied in the Refs. [TBTUB] . In this case, 

there exist only a singlet A 12 and a triplet {Sn, Si 2 , S22} of SU{2). 

12 Except for the cases of pairs of conjugate representations. They are found to be described by the same Kahler 
metric, i.e., by the same low-energy effective action. See Subsection 14.21 below. 
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Among the constraints (13. 13p — (I3.15j) . the only nontrivial one is 

W (A 12 ) 2 + 5 11 5 22 -(,S 12 ) 2 = 0. 



(3.19) 



Let us consider the moduli space of coincident vortices which corresponds to the subspace w = 0. 
In this case, the above constraint is solved by S rs = (pr^s again. Now, the moduli subspace is 
parametrized by the center of mass position zq = y an d {Vi^iifa} with rj = A\ 2 . Thus, the 
vortex state is given, without constraints, by 

2 

\ B ) W=0 = v\ z o)i+ ^2 MaW,r,8) a , (3.20) 

r,s=l 

where the singlet \zq) x and the triplet \zo] r, s) 3 are given by 

\z ) 1 = \za,l)®\zo,2)-\zo t 2)®\zQ,l), (3.21) 
\z ;r, s) 3 = (a\- a} 2 )(\z ,r) ®\z ,s) + \z ,s) ®\zo,r)\ (3.22) 

Note that the C* C GL(k, C) acts as 

{ri, 0i, 2 } ~ {A 2 r/, A0 1; A0 2 }, A e C*. (3.23) 

Hence the moduli subspace for the two coincident vortices is found to be the two dimensional 
weighted projective space with the weights (2, 1, 1) 

C P 2 

^coincident ^ C x WCP? 211) = C X . (3.24) 

Zi 2 

This is exactly the result obtained previously (THUS]. Although this might be seen as just a re- 
production of an old result, there is a somewhat new perspective on the irreducible representation 
of SU(2). Here we would like to stress again that A\i = t] is the singlet while S rs = <fr r 4>s is the 
triplet. Together they form the coordinate of WCP? 2 11 y In Fig.El we show the space WCP 2 2 x ^ 
in the |</>i| 2 -|0 2 | 2 plane with a natural metric given by 2\r]\ 2 + |0i| 2 + |0 2 | 2 = 1. The states 3 and 
1 live on the boundaries of WCP? 2 1 ^; the points in the bulk of WCP 2 2 t ^ are described by the 
superposition 1 © 3. 

In Appendix O we discuss possible metrics on WCP 2 2 1 ^ and show that independently of the 
choice of the metric, they indeed yield at the diagonal edge of Fig. [3] the Fubini-Study metric 
with the same Kahler class on CP 1 . 
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101 



Fig. 3: WCP? 2 1 in the gauge 2\f]\ 2 + \4>i\ 2 + | <?^2 1 2 = 1- The diagonal edge corresponds to the triplet 
state 3 and the origin to the singlet state 1. The bulk is a nontrivial superposition of 1 and 3. The 
diagonal edge and the origin are the only irreducible orbits in this system. 



3.3 Solution for the k = 3 coincident vortices 

In this section, we consider k = 3 vortices sitting all at the origin, <j\ = a 2 = 03 = (z\ = z 2 = 
Z3 = 0). (The k = 3 vortex solutions of more general types - with generic center positions - will 
be discussed in Appendix [Dj) The constraint (12.251) reduces to 

aia 2 a 3 \B) = 0, (ai& 2 + a 2 a 3 + a 3 Si) \B) = 0, (Si + a 2 + S3) \B) = 0, (3.25) 

which lead to (a«) 3 \B) = for i = 1,2,3. Taking into account the anti-symmetry condition 
(12.211) . we obtain the following solution to the constraints (see Appendix ID]) 

\B) = A nr2r3 + (x rir2r3 a\ + X rir2rz a\ + Xl ir2TA a\^ 

--S nr2r3 (a\ - a\){a\ - a 3 )(a 3 - aj)] |0,n) <g> |0,r 2 ) <g> |0,r 3 ) , (3.26) 
where ^7 1T . 2r3 (i = 1, 2, 3) and X l rir2r3 (i = 1, 2, 3) are tensors satisfying 

yl I y2 _|_ y3 _ n v-1 _|_ t^2 _|_ -v^3 _ n /o 

r\r 2 rz ' r\r 2 r- A ' 1 rir 2 r 3 u i rir 2 r s ' rir 2 r :i ' rir 2 r [} u - yo.Ai j 
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The tensors S, Y, X, A have the following index structures 

S rir2T3 = SVpfi) r p (2) f>(3) > (3.28) 

= ^p)Y r M rp(2)rp(3) , (3.29) 

^;, 2r3 = sign(p)X r ^ )rp(2)rp(3) , (3.30) 

A rir2r3 = sign(p)A rp(1)r . p(2)rp{3) , (3.31) 

where p denotes elements of the symmetric group ©3. The first and last equation show that 

Sr±r2r3 and A T ^ T2r3 are totally symmetric and anti-symmetric, respectively. The second (third) 
equation indicates that only one of Y 1 ,Y 2 , Y 3 (X 1 , X 2 , X 3 ) is independent. Hence we arrive at 
a natural correspondence between the baryons and the Young tableaux as 



A 

j^. rir2 r 3 ■ 



Y l 



S rir2T3 :l — I — I — I. (3.32) 



This looks perfectly consistent with the standard decomposition of □ <S> □ <8> □. 

Actually this is not quite straightforward, and this example nicely illustrates the subtlety 
alluded in the Introduction. As we have seen in the previous section, there is a one-to-one 
correspondence between the highest- weight states of the baryons \B) and the Young tableaux 
with k boxes of a definite type. This means that there is only one vortex state of highest weight, 
corresponding to the mixed-symmetry Young tableau^ 3 ! However, we seem to have Y and X in 
f)3.32p . both of which correspond to the same Young tableau. This apparent puzzle is solved by 
looking at the following Pliicker relation rewritten in terms of S, X, Y, A 

( Y rst) 2 = SrsrXlt ~ x lrs S ru + X] rt S rts , (no sum over r, s, t) , (3.33) 

which shows that the tensor Y is determined in terms of the others up to a sign. This implies 
that no solution to Eq. (13.33}) of "pure Y" type, i.e., with Y^O, A = S = X = 0, exists. Hence 
we have verified the one-to-one correspondence between the highest- weight baryon states \B) and 
the Young tableaux, as in Figure HI 

By setting two among S, X or A to be zero, we obtain the corresponding SU (N) irreducible 



13 In contrast to the standard composition-decomposition rule for three distinguishable objects in the N rep- 
resentation, two inequivalent highest weight states in the same irreducible representation, described by the same 
mixed-type Young tableau, will appear. This is not so for our k vortices. 
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Fig. 4: The irreducible orbits in the moduli space of k = 3 vortices. 



orbits, which can be immediately read off from the Young tableaux as (for N > k — 3) 

(S ~ SU(N) ^ 



M x = 
M A = 



— ^ CP 
SU(N-1) x t/(l) 

5C/(iV) 

SU(N-2) x t/(l) 2 ' 

ST7(3) x SU(N-3) x ?7(1) 



GV 



TV, 3- 



(3.34) 
(3.35) 
(3.36) 



Due to the existence of Y, the whole subspace with <ji = is more complicated than the 
k = 2 case. The simplest nontrivial case N = 2 (577(2) global symmetry) somewhat enlightens 
our understanding. In that case, A is identically zero and the following parametrization using 
the coordinates {rj, £ x , £ 2 , 0i, </> 2 } £ C 5 

-Xrf2 = e ^r, F rl2 = V <frr, S rst = <j> r <j> s (f) t , T, S, t = 1, 2 (3.37) 

solves all of the Plucker relations except for 

77 2 = f</y. (3.38) 

Therefore, rj is a locally dependent coordinate. Since the equivalence relation is 

{C,V,M ^ {A 3 f,A 2 r/,A0 r }, (3.39) 

the moduli space in this case is a hypersurface in W<CPt 3)2) i n — CP 4 /Z 3 . The irreducible orbits 
corresponding to S 1 and X are the subspaces obtained by setting £ r = or r = 0, respectively. 
Both of them are isomorphic to 

According to the results of the next section, however, they are characterized by the different 
Kahler classes while their Kahler potentials are given by 

3rlog|0J 2 as|&| 2 ->0 
K~{ ^' . (3.41) 

r log |£ r | 2 as |0j| 2 -»■ 
25 



3.4 Generalization to arbitrary winding number 



In this section, we comment on a generalization to the case of an arbitrary winding number k. As 
we have seen in the k — 2,3 cases, the coherent states f 1 2 . 3 j) become insufficient to describe the 
general solution to the constraint (12.251) when two or more vortex centers coincide. The procedure 
to obtain the general solution for k = 3 vortices can be generalized to the case of arbitrary k as 
follows. Let \S; r±, ■ ■ ■ , r k , {zj}) be the following linear combination of the coherent states 



\S;n,--- ,r k ;{ Zi }) = ^ sign(p) pvp 1 10, n) ® ■ • • ® |0, r k ) , (3.42) 

pee fe 

where the polynomial A and the operators v are defined by 

A = Y[( Zl - zj), v = exp [J2 ZtA ) 5 (3-43) 
i>j \i=\ ) 

pv p~ l then reads 

pvp" 1 = exp (zia) p _ 1{1) + ^Sp-ip) H h z *"J-i(fc)) ■ ( 3 - 44 ) 

This state vector f !3.42j) is a solution of the constraint (I2.25P which is well-defined even in the 
coincident limit Zi — > Zj: 

\S;r h --- , r k - { Zl }) — >■ A(al, ■ • • , a£) |0, n) (8) • • • ® |0, r fe ) . (3.45) 

Other well-defined solutions can be obtained by acting with polynomials of annihilation operators 
a.j on \S; ri, • • ■ ,r fc ; {^i}). The linearly independent solutions are generated by the polynomials 
hi(ai, ■ ■ ■ , dfe) satisfying the following property 14 ! for arbitrary symmetric polynomials P: 

(0| ^(ai, • • • , a fc ) P(a\, ■ ■ ■ , a[) = 0, (3.46) 

where (0| = (0, ri| <8) • • • <g) (0, r k \. Such polynomials hi(au • • • , d^) span a /c!-dimensional vector 
space H on which the symmetric group & k acts linearly^ 

phi{a u - ■ -dfc)/?" 1 = dj(d p -i (1) , • • -a p -i( fc) ) = g { 3 (p) hji^, ■ ■ ■ d k ), (3.47) 



14 Thc conditions (|3.46|) can be written in an alternative, equivalent form P(di, ■ • • , dk)hi(r)x, • • • , %) = 0, where 
di = d/drji. 

15 Thc representation of H is isomorphic to the regular representation of & k . 
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where gj{p) is a matrix corresponding to the transformation p G &k- By using a linearly 
independent basis {hi}, the general solution to Eq. (I2.25p can be written as a superposition of 
hi \S; ri ■■■r k ) 

fc! 

|£)= E E X n-^( ai ''-- .a*)^;^--- (3.48) 

n, — rjb i=l 

Since | jS*; r*x j * * " ; r fc; {^i}) is well-defined for arbitrary vortex positions, this expression of the 
general solution is valid even in the coincident limit. Taking into account the constraint Eq. (12. 22ft . 
we find that Xt _ should have the following index structure 

' 1'"' k u 

K-r k = K _ lfl ,-r _ lffc y (P), fOT a11 P £ ( 3 - 49 ) 

This condition reduces the number of degrees of freedom to N k = dimW(<Ji). Since Eq. (I2.30p 
and Eq. (13.481) are related by the change of basis from coherent states to hi \S; 7*1, • ■ • , r^; {^}), 
the coordinates can be obtained from B ri ... Tk by a linear coordinate transformation with 

^/-dependent coefficients. Therefore, it is obvious that X* r .., rfc transforms under SU(N) as a mul- 
tiplet in the direct product representation (g)^ =1 N. We can also confirm this fact by decomposing 
the /c!-dimensional vector space H into the irreducible representations of the symmetric group &k- 
They are classified by the standard Young tableaux with k boxes (Young tableaux with increasing 
numbers in each row and column) and correspondingly, the set of the coefficients {X^. } can 
also be decomposed into subsets classified by the standard Young tableaux. Eq. (13.491) then tells 
us that the subset of X* r for each irreducible representation of Gk forms a multiplet in the 
irreducible representation of SU(N) specified by the corresponding Young tableau. 

Finally, the remaining constraint (I2.26|) can be rewritten by using the relation (I2.20|) to 
quadratic constraints for X* lt , which give the vortex moduli space as a subspace in C k x CP Nk . 

4 Kahler potential on irreducible SU(N) orbits 

In this section we will obtain the metric on each of the irreducible orbits inside the vortex moduli 
space Aik by use of a symmetry argument. We only use the fact that the metric of the whole 
vortex moduli space is Kahler and has an SU (N) isometry. 

One of the most important characteristics of non-Abelian vortices is that they possess internal 
orientational moduli. These arise when the vortex configuration breaks the SU(N)c + p symmetry 
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to its subgroup H C SU (iV). For a single vortex, it is broken to SU (TV — 1) x U (1) and the moduli 
space is homogeneous. On the other hand, the moduli space for multiple vortices, i.e. k > 1, is 
not homogeneous and has some anisotropic directions (even if we restrict ourselves to consider the 
subspace of coincident vortices). Consequently, the shape of the metric at generic points cannot 
be determined from the symmetry alone. The metric is not isometric along such a direction, 
and the isotropic subgroup H (and the orbit SU(N)/H) can change as we move along such a 
direction in .M^o The moduli space Ai^ contains all irreducible SU(N) orbits associated with 
all possible Young tableaux having k boxes, as its subspaces which are invariant under the action 
of the spatial rotation. In the following, we uniquely determine the metrics for all irreducible 
SU(N) orbits. 

The irreducible orbits are all Kahler manifolds although generic SU(N) orbits are noto We 
shall derive the Kahler potentials instead of the metrics directly. 

The pair of matrices (ip, Z) corresponding to generic points on an orbit is obtained by acting 
with SU(N) on a specific configuration (-0o> Zq). Let us decompose any element U G SU(N) as 

U = LDU, (4.1) 

where D is a diagonal matrix of determinant one and L (U) is a lower (upper) triangular matrix 
whose diagonal elements are all 1. This is called the LDU decomposition!^] In this case, the 
matrix U is a unitary matrix UW = 1, and hence the matrices L, D and U are related by 

UW = (LDY\LD) ] -\ (4.2) 

Therefore, once the matrix U is given, the lower triangular matrix LD is uniquely determined 
up to multiplication of diagonal unitary matrices u as LD — > uLD. That is, entries of U are 
complex coordinates of the flag manifold SU(N)/U(1) N ~ 1 . 



16 This usually occurs in supersymmetric theories with spontaneously broken global symmetries and is called 

the supersymmetric vacuum alignment |25j . This phenomenon was discussed for non- Abclian vortices in Ref. |24j 

and for domain walls in Ref. [55]. For non-Abelian SO, USp vortices see Ref. |27j . 

17 A11 irreducible SU(N) orbits, which are the set of zeros of the holomorphic Killing vector for the spatial 

rotation, can be obtained as subspaces in M.^ by imposing certain holomorphic conditions. The latter takes 

the form (apart from the co-axial condition er.; = 0) B = for baryons which are not in a pure irreducible 

representation. Therefore the Kahler metrics are induced by these constraints from the Kahler metric on Aik- It 

is an interesting question if a Kahlcrian coset space in M.^ always corresponds to an irreducible orbit. 
18 An invertible matrix admits an LDU decomposition if and only if all its principal minors are non-zero. 
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Let ipo and Zq be matrices of the form given in Fig. [Hand m = [mi,m2, • • • , mjv-i] be the set 
of Dynkin labels of the corresponding highest-weight state. Since the matrices ipo an d Zq satisfy 
the conditions ( 12.431) and ( 12.441) . LD can be always absorbed by g G GL(k, C) and g G SL(k, C) 
given in Eq. (T2T471) 



W = Qfa) t/, = (gg)Z (gg)' 



This implies that a pair (ip, Z) parametrizing the irreducible SU(N) orbit is given by 



^orbit = IpO U, Z olbi t = Zq, U 



1 U 12 U13 

1 ^23 
1 



Wl.JV 



V 

The vortex state constructed by the latter is obtained as 



' • U N-1,N 
1 



, Uij G C. 



(4.3) 



(4.4) 



l-Borbit) = ^(V'orbit^orbit)) = U \B($ Q , Z Q )) = det g U \B(l/j Q , Zq)) 



(4.5) 



with operators U and IA corresponding to U and U respectively. 

In supersymmetric theories, i/j and Z can be regarded as chiral superfields. The complex 
parameters contained in U are also lifted to chiral superfields and can be regarded as Nambu- 
Goldstone zero-modes of SU{N) /U{l) N ~ l \3 If m» ^ for all z = 1, . . . , iV - 1, then SU(N) is 
broken to the maximal Abelian subgroup (the maximal torus) ^(l)^ -1 and all the parameters 

are physical zero modes. One can easily check that the dimension of the flag manifold 
5't/(A^)/L r (l) Ar ~ 1 counts the degrees of freedom in U. On the other hand, if m ; = for some 
i's, then the unbroken group H is enlarged from the maximal torus U{l) N ~ l to SU(N)/H being 
generalized flag manifolds, from which we can further eliminate some of Uy by using GL(k, C). 

Since the vortex moduli space A4k has an SU(N) isometry, the Kahler potential for Aik, 
which is a real function of <7j and B, should be invariant under the SU(N) transformation 

K(\B)) = K{U\B)), (4.6) 

19 The generic Kahler potential on SU(N)/U(1) N ~ 1 , which contains TV— 1 free parameters (Kahler classes), can 
be obtained from the method of supersymmetric non- linear realizations |28j . When all chiral superfields contain 
two Nambu-Goldstone scalars as in our case, they are called the pure realizations. 
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where \B) is the vortex state vector satisfying all the constraints ( 12.221) . (12. 25ft and (12. 26 p . Fur- 
thermore, the C* transformations on the Kahler potential should be absorbed by the Kahler 
transformations 



K{e x \B)) = K(\B)) + f(X) + f(X), 



(4.7) 



since the C* action on \B) gives a physically equivalent state e x \B) ~ \B). Note that this 
transformation can be absorbed only when A is holomorphic in the moduli parameters. We can 
easily show that the function /(A) has the following properties 



f(2m) + f(2m) = /(0) + /(0), 



/(A 1 + A 2 ) + /(A 1 + A 2 ) = /(A 1 ) + /(A 1 ) + /(A 2 ) + /(A 2 ). 



From these relations the form of the function / can be determined as 



/(A) + /(A) = r(A + A), 



r e 



(4.8) 
(4.9) 



(4.10) 



Now we are ready to derive the Kahler potentials for the irreducible SU(N) orbits. With the 
above assumptions, the Kahler potential for the SU (N) orbit can be calculated as 



= K{\B orbit }) = ^(det^Wl^o)) 
= K(| J B ))-rlog|det( 7 | 2 , 



(4.11) 



where B = B(ip , Z ). Since the first term of Eq. (14. lip is a constant, it can be eliminated by a 
Kahler transformation. It follows from Eqs. (14. 2 j) and (I2.47P that 

JV-l 

Kfa^iiij) = -rlog|det^| 2 = r ^ m logdet(^t//), (4.12) 



i=i 



where TJ\ are Z-by-A^ minor matrices of U given by 



U, 



1 u l2 
1 



Ul,N 



\ 



(4.13) 



Ul-l,l ■ ■ 
1 w M+ i • • • u liN J 

Note that if mi — for some Z's, the dimension of the manifold decreases in a way that is 
consistent with the enhancement of the symmetry H. 



30 



The coefficients rmi of the terms in the Kahler potential (14.12ft determine the Kahler class 
of the manifold. As noted in the footnote [19] the generic Kahler potential contains N — 1 free 
parameters, which is now determined from the set of Dynkin labels [mi,m2, •■■ , mjv-i]- We 
see that the Kahler classes are quantized in integers multiplied by r which implies that these 
Kahler manifolds are Hodge. This can be expected from the Kodaira theorem stating that Hodge 
manifolds are all algebraic varieties, i.e. they can be embedded into some projective space CP n 
by holomorphic constraints. 

The overall constant r of the Kahler potential cannot be determined by the above argument 
based on symmetry. It can however be obtained by a concrete computation, for instance, k = 1 
vortex (m = [1, 0, • • • ,0]) results in Refs. [3H6] 



which matches the result ( 12.51) based on the D-brane picture [T]. It can be also determined from 
the charge of instantons trapped inside a vortex [5]. 

Recently, some of us constructed [29] the world-sheet action and computed the metrics ex- 
plicitly from first principles for the vortices in SO, USp and SU theories, generalizing the work 
of Refs. [4,6j. The systems considered include the cases of some higher-winding vortices in U(N) 
and SO(2N) theories: the results found there are in accordance with the general discussion given 
here. 

4.1 Examples 

In this subsection we provide two examples with N = 2 and N = 3 to illustrate the determination 
of the Kahler potentials. 

4.1.1 N = 2 

To be concrete, let us take some simple examples for N = 2. For simplicity, we first consider the 
k = 2 case. There are two highest- weight states: the triplet and singlet, for which ipo and Zq 
take the form, see Fig.HJ 




(4.14) 




(4.15) 
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In the former case SU(2) is broken to U(l) and the orbit is SU(2)/U(1) = CP 1 . Applying 
Eq. (I4.12p . we obtain the Kahler potential for the Fubini-Study metric on CP 1 

ir K= 2 = 2rlog(l + |a| 2 ), U=[ la \. (4.16) 

V° V 

On the other hand, SU(2) is unbroken in the singlet case. Indeed ipo is just the unit matrix, so 
that an arbitrary SU(2) transformation can indeed be canceled by GL(2,C). 

This can be easily extended to the generic case with k > 2. In the case of ki > k 2 , SU(2) is 
broken to U(l) while if k± = k 2 , SU(2) is unbroken. From Eq. (14 .12}) . we find the Kahler potential 
for the Fubini-Study metric on CP 1 for k\ > k 2 : 

K N=2 = rmi log(l + \a\ 2 ), m 1 — kx-k 2 , (4-17) 

while the orbits are always CP 1 for arbitrary k\ and k 2 (k\ > k 2 ), one can distinguish them by 
looking at the Kahler class rm\ — r{k\ — k 2 ). For instance, one can distinguish two CP^s in 
Eqs. (13. 2p and (13. 18[) for one and two vortices, respectively. 



4.1.2 N 



Next, let us study the N = 3 case. There are four different types according to the Young tableaux 
and the unbroken groups H, see Table [TJ We parametrize the matrix U as 

(\ a b" 

1c- (4.18) 

V° V 

The complex parameters a, b, c are (would-be) Nambu-Goldstone zero-modes associated with 
577(3) -> H. Applying Eq. (Q2| . we find 

K N=3 = rra x log (l + \a\ 2 + |6| 2 ) + rm 2 log (l + |c| 2 + \b - ac\ 2 ) , (4.19) 

with mi = k\ — k 2 and m 2 = k 2 — ks. When mi > and m 2 > (k\ > k 2 > k^), this represents the 
Kahler potential for the Kahler manifold SU(3)/U(1) 2 with a particular choice of the complex 
structure [30]. When mi > and m 2 — (k\ > k 2 = k^), the parameter c disappears from the 
Kahler potential and hence it reduces to 



K m2=0 = rmilog (l + 



l^l 2 ) 



(4.20) 
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hi *> fan "*> fan 


/fi "> fan = /To 


/^i = fan > Jco 


hi = /fo = ho 
rv\ r\2 f^S 


YT 
H 


□ 


l l l 






f/(l) 2 


U(l) x SC/(2) 


[/(!) x SU(2) 


SU(3) 



Table 1: Four different types of N = 3 coincident vortices. 

which is nothing but the Kahler potential of CP 2 ~ S77(3)/[£/(l) x ST/(2)]. When mi = mi = 
(ki = hi = ks), SU(3) is unbroken, so that the orbit is just a point (with a vanishing Kahler 
potential). 

4.2 Conjugate orbits 

Note that in the SU(3) example discussed in the last subsection the replacement 

a — > — c, b — > ac — b, c — > —a (4-21) 

together with the exchange m± -B- m 2 , leaves invariant the Kahler potential (]4.19p . In other 
words, irreducible orbits for m = [m^mj] and m = [m2,mi] are identical. In fact, this is a 
special case of duality between two SU(N) conjugate representations, relating the irreducible 
orbits for [mi,rri2, ■ ■ ■ , m^v-i] to the one with [mjv-i, mN-2, ' • • As we are interested here 

in the motion of the orientational moduli parameters only, it is very reasonable that we find the 
same Kahler metric for a vortex in r representation and another in r* representation. 

Generalization to arbitrary (N, k) of the mapping (I4.2ip leaving the Kahler potential invariant 
is given by 

[mi,m 2 , ■ ■ ■ ,m N -i] o [mjv-i, m N - 2 , ■ ■ ■ , mi] , 

U <-> E{XJ T Y 1 E , (4.22) 

where (E)^ = 6 itN ^ j+1 . 

Coming back to the concrete <S77(3) examples in Subsection 14. 1.2[ the case with (k±, k2, k^) = 
(2, 1, 0) corresponds to 8 of SU (3) which of course is self-dual. A pair of (k±, k2, k%) = (3, 3, 0) and 
(4, 1, 1) provides a nontrivial example of duality between two different irreducible orbits: they 
correspond to 10* and 10, respectively. Finally, the orbits (hi, k 2 , k 3 ) = (5, 4, 0) and (hi, k 2 , k 3 ) = 
(6, 2, 1) belong to the pair of irreducible representations, 35* and 35. 
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Actually, these examples are special, in the sense that the pairs have the same winding number. 
This is not necessary. The equality of the Kahler potential (the same effective action) for a pair 
of conjugate orbits defined above, holds for pairs of vortices of unequal winding numbers as well, 
as the above proof does not depend on the winding number, but on the Dynkin labels only. For 
instance, the k = 1 vortex in SU(N), m — [1, 0, • ■ ■ , 0] (belonging to N), has the same Kahler 
potential as the totally antisymmetric vortex of winding number k — N — 1, m — [0, • ■ • , 0, 1]. 
The latter transforms as N*. 

When the condition ^ e Z is met, it is possible to have pairs of conjugate vortices with the 
same k (the same tension) and belonging to conjugate representations, as in the concrete SU (3) 
examples above. 

5 Summary and outlook 

By using the Kahler-quotient construction we have investigated the moduli spaces of higher- 
winding BPS non-Abelian vortices in U(N) theory, for the purpose of clarifying the transforma- 
tion properties of the points in the moduli under the exact global SU (N) symmetry group. In the 
case of vortices with distinct centers, the moduli space is basically just the symmetrized direct 
product of those of individual vortices, (C x CP^ 1 )^ It turns out to be a rather nontrivial 
problem to exhibit the group-theoretic properties of the points in the submoduli, corresponding 
to the vortex solutions with a common center. The results found show that they do behave 
as a superposition of various "vortex states" corresponding to the irreducible representations, 
appearing in the standard SU(N) decomposition of the products of k objects in the fundamental 
representations (Young tableaux). 

In particular, various "irreducible SU(N) orbits" have been identified: they correspond to 
fixed-point sets invariant under the spatial rotation group. These solutions are axially symmetric 
and they transform according to various irreducible representations appearing in the decomposi- 
tion of the direct product. 

Although some of our results might be naturally expected on general grounds, a very sugges- 
tive and nontrivial aspect of our findings is the fact that the points of the vortex moduli space, 
describing the degenerate set of classical extended field configurations, are formally mapped 
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to oscillator "quantum-state" vectors, endowed with simple SU(N) transformation properties. 
Also, the way the irreducible orbits are embedded in the full moduli space appears to be quite 
nontrivial, and exhibits special features of our vortex systems. For instance, an irreducible orbit 
associated with a definite type of Young tableau appears only once, unlike in the usual decom- 
position of k distinguishable objects in N. 

We have determined the Kahler potential on each of these irreducible orbits. Since we have 
used symmetry only, our Kahler potential cannot receive any quantum corrections except for the 
overall constant r even in non-supersymmetric theoriea^j. The results found agree with some 
explicit calculations made recently by some of us [29] . 

Extension of our considerations to more general situations in U(N) theories (question of 
non-irreducible, general orbits in the vortex moduli space considered here, or the metric in 
the case of semi-local vortices, which occur when the number of flavors exceeds the number of 
colors [SUES]) remains an open issue. A particularly interesting extension would however be 
the study of a more general class of gauge theories, such as SO, USp or exceptional groups, 
as the group-theoretic features of our findings would manifest themselves better in such wider 
testing grounds. Non-Abelian vortices were constructed in the G' x U(l) gauge theories with an 
arbitrary compact Lie group G', and the orientational moduli space was found to be G'/H with 
some subgroup H [33]. For instance they are SO(2N)/U(N) and USp(2N)/U(N) in the cases 
of G' = SO(2N), USp(2N). The SO and USp non-Abelian vortices and their moduli have been 
further studied in detail in the Refs. [2T ] [2^ |[51H3B] . Especially, G' orbits in the moduli spaces 
of SO and U Sp non-Abelian vortices have been studied in Ref . [27J . Irreducible orbits in these 
cases may be classified by (skew-)symmetric Young tableaux. 

Finally, a possible relation to Young tableaux for Yang-Mills instantons [37] and its application 
to the instanton counting [38] may be interesting. For the instanton counting, the integration 
over the instanton moduli space is reduced to a sum over the Young tableaux, which correspond 
to fixed points of the instanton moduli space under a linear combination of the SU(N) action and 
spatial rotations, as in our case of vortices. Roughly speaking possible vortex counting should be 
the half of the instanton counting since Yang-Mills instantons can stably exist even in the Higgs 
phase when they are trapped inside non-Abelian vortices [5]. The partition function of the non- 



20 The renormalization group flow for r in the case of k = 1 vortex in M = 2 U(N) supcrsymmetric theories 
was found in Refs. |3l|4]. 
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Abelian vortex gas was derived on a torus and a sphere in Ref. [39] by using a completely different 
approach of D-brane configurations and T-duality on it. A relation with such an approach and 
the Young tableaux for vortices developed in this paper appears to be an interesting future venue 
to explore. 
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A Constraints on the invariants 



In this appendix, we derive the constraints ( 12.22ft . (12. 25ft and (12.261) from the definition of the 
baryons 

and the vortex state vector 



1. Eq. (I2.22p implies that the baryon is anti-symmetric under the exchange of any pair of 
indices (n,r). This can easily be seen from the definition of the baryons 

Tjm — nj—nj — nk Ji-ii-ij-ikr)( n l) f)( n i) f)( n j) f)( n k) 

J-> n ... ri ... rj ... rk t Vijri Vj,r ; ^ijTj ^i k r 



ix-ij-ii-i k f){ni) f){n.i) f}{ni) f){n k ) 
fc Vj iri ' ' ' ^ijrj ' ' ' Vi /r - 7 ' ' ' ^i k r k 

_r>n 1 -- nj- nr- n k I \ o\ 



2. The annihilation operator dj acts on the state as 

h\B) = £ — l — ^;;-;;;;^|n 1 ,r 1 )---|n / -l,r / )---K,r fc ) 

' (ni! • ■■{n I - 1)! • ■■n k \)* 

= E \ ^^^^K^) • • ■ K>^> ■ ■ • k^)- (a.4) 

(nil ■■■n I \- ■■n k l)2 
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This means that the baryon is mapped by the operator dj as 

oni — ni—n k rmi— nj+1— n k _ ii— j— i k y /-)("*) /a c\ 

Therefore, we find that the operator J3 J=1 (A — aj) acts on the baryons as 

^ ^^(\i k - z) Jltl ...(\i k - z) Jktk Q^...Q^ 

= det(\l k -Z)B n r lZ%. (A.6) 
Namely, the vortex state should be an eigenstate of the operator I"I/ =1 (A — a/) 

k 

J](A - dj)\B) = det(Al fe - Z)|£>. (A.7) 
j=i 

Comparing the coefficient of A* on both sides, we obtain the constraint (I2.25p . 
3. The left hand side of Eq. fl2T26|) is 

B Ai...\A kB Bi...B k \ = Yl ' ;| "' ^ '•' ; "' ,, Q' ■ ■ ■ Q [ £ k Qn ■ ■ ■ Qf k \ ( A - 8 ) 

h,—i k jl,— ,3k 

where Ai and Bi each denote a pair of indices (n, r). Let us focus on the following part 

E ^'^Qn-'-Q't- ( A -9) 

ji,— J* 

Since the indices ji, ■ ■ • , j k are contracted with e- 71 '■ ?fe , there exist a number 7 (1 < I < A;) 
such that i k = ji for each term in the sum. Therefore, all the terms in Eq. ( 1A.9|) vanish 



since the indices A k and Bi, • • • , 5^ are anti-symmetrized. This fact leads to the constraint 
Eq.(J22n]). 



B A toy metric on the vector space spanned by \B) 

We have not considered in the main text the metric for the vector space spanned by \B), intro- 
duced in Subsection 12.11 for reasons explained at the end of Subsection 12.21 Such a metric would 
however induce a natural metric on the vortex moduli space, which is of physical interest. For 
instance, one could simply assume the standard inner product (B\B); it would induce a metric 
specified by the following Kahler potential 

K toy = r log (B\B). (B.l) 
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Note that the equivalence relation ( 12.14ft is realized as Kahler transformations. Namely, the 
moduli space is embedded into the projective space with suitable constraints (I2.26p . In the case 
of well-separated vortices \zj — Zj\ ^> m" 1 , we find that the Kahler potential (IB. II) takes the form 

1=1 i,J(¥=i) W I 1^ I 

The first term correctly describes free motion of k vortices while the second term describes 
interactions between the vortices. 

Unfortunately, the interaction terms do not have the correct form; terms which behave as 
l/\zi — zj\ 2 or Ko(m\zi — Zi\) must be present if massless or massive modes propagate between 
vortices, respectively. The former is the case of the Hanany-Tong metric [1] (which still does 
not describe the correct interactions), while the latter is the case of the correct asymptotic form 
obtained from the BPS equations [10J. 



C Metrics on WCP^ 2X1) for k = 2 and N = 2 

In this Appendix we will study some metrics on the intrinsic subspace WCP? 2 x ^ for k = 2 
coincident vortices in the U(2) gauge theory (N = 2). We show that two different metrics on 
WCP 2 2 1 jv contain the Fubini-Study metric with the same Kahler class on CP 1 at the diagonal 
edge of Fig.[3j 

For any choice of metric on the moduli space, a subspace specified by a holomorphic constraint 
should also be a Kahler manifold. Its Kahler potential must be invariant under the global SU (2) 
and the transformation (13.231) as 



Kwcp* = rf(X) ~ rf(X) + const, x log \4> t \\ X = ^ (C.l) 

7" Tj 



2 

21 



with an arbitrary function /. For the Hanany-Tong model, f(X) can be written as [18 



O V 

f(X)=w 2 -\og(l-w A ), w 2 = ; (C.2) 

V ' V ; 1 + X + VI + 6X + X 2 V ' 



For the toy model (IB.lj) in Appendix [Bj f(X) can be written as 

/(X)=rlog(l + rX). (C.3) 



21 Here w is identical to that of Eq. (32) of the paper presented by Auzzi-Bolognesi-Shifman [18j. Actually, we 
can reproduce the metric Eq. (34) in their work from the above potential. 
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These two models have the same behavior 

{log X + const., X > 1, 
(C.4) 
const, x X, X < 1. 

Since logX ~ 2 log \ <pi\ 2 , they give the usual Fubini-Study metric on CP 1 with the same Kahler 
class, 2r, for rj = 0, and they have a conical singularity at 0, = 0. These features are not 
accidental but are guaranteed for any choice of the moduli space metric, as we show in Section|U 



D General solution of the linear constraints for k = 3 

In this section, we consider the general solution of the linear constraints ( 12 . 22 j) and f 1 2 . 2 5 1) for 
the k = 3 case. We have seen in Section I2T21 that the solution can be expressed by the coherent 
states 

\B) = B rir2rs A^\z uri )® \z 2 ,r 2 )® |z 3 ,r 3 )). (D.l) 

However, this expression is not valid globally on the moduli space since the coherent states 
become linearly dependent when some vortices coincide z% = Zj. In order to derive a globally 
well-defined expression for the general solution, let us rewrite the coherent state of Eq. ( ID. II) as 



1 X 

= 31 Y si S n (p) B rir2r 3 P 1*1, ® 1^2,^) ® \z 3 ,r 3 ) 

' ri,r2,r3 PG63 

= 31 Yl Yl sign(p)B rir2ra \z p{1) , r p{1) ) <g> \z p{2) ,r p{2) ) ® |« p(3 ), r> (3) ) , (D.2) 

ri,r2,r3 PG63 

where p is an element of the symmetric group ©3. Defining an operator v by 

v = exp (zx a[ + z 2 a\ + z 3 a\ j , (D.3) 
and the action of the symmetric group 

pvp- 1 = exp (^a P -i (1) + z 2 a ] p ^ {2) + z 3 a^_ 1(3) J , (D.4) 
we can rewrite the state \B) as 

ri,r-2,r3 PG63 
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This means that the solution \B) is a linear combination of 3! = 6 states pit p 1 |0, ri) (g) |0, <8> 
|0,r 3 ), which form a basis of the vector space of states satisfying the constraint 

P{a u a 2 , a 3 ) |B) = P(z 1; z 2 , z 3 ) |B) , (D.6) 

for all symmetric polynomials P. However this basis is well-defined only for separated vortices 
since the states become degenerate when some vortices coincide. A globally well-defined basis 
can however be constructed as follows. Let \S; 7*1, r 2 , r 3 ; {zi}) be the state defined by 

\S;r 1 ,r 2 ,r 3 ; {zi}) = — sign(p) pv pT l |0,n) <g> |0,r 2 ) <g> |0,r 3 ) , (D.7) 

pee 3 

where A is the Vandermonde polynomial 

AOi, z 2 , z 3 ) = (zx - z 2 )(z 2 - 23)(>3 - zi). (D.8) 
This state is a solution of the constraint (ID. 6ft and well-defined even when the vortex centers 



coincide 

\S;r 1 ,r 2 ,r 3 ;{z i }) -)• A(a}, a£, a J) |0, n) <g> |0, r 2 ) <g> |0, r 3 ) . (D.9) 

The other globally well-defined solutions can be constructed by acting with polynomials of a, on 
\S; r±, r 2 , r 3 ; {zj}). Note that any polynomial can be decomposed as 

f(a 1 ,a 2 ,a 3 ) = ^ g^ax, a 2 , a 3 ) hi(ai,a 2 ,a 3 ), (D.10) 

i 

where g^s are symmetric polynomials and hi are polynomials satisfying 

(0,n| <g> (0,r 2 | ® (0,r 3 | ^(ai, a 2 , a 3 ) P(a{, 4, 4) = °- ( D - n ) 

for all symmetric polynomials P (without the constant term). Since the state \S; r±, r 2 , r 3 ; {z^) 
satisfies 

gi(ai,a 2 ,a 3 ) \S;ri,r 2 ,r 3 ; {zi}) = g i (z 1 ,z 2 ,z 3 ) \S;r h r 2 ,r 3 ; {zi}) , (D.12) 

a symmetric polynomial gi(ai,a 2 ,a 3 ) does not create a new state. Therefore, it is sufficient to 
consider the polynomials hi(a\, a 2 , a 3 ) satisfying Eq. flD.111) . The space of such polynomials H is 
a 3! = 6-dimensional vector space which can be decomposed as 

# (0) 3 S, (D.13) 

H (1) 3 + Y 2 a 2 + Y 3 a 3 , (D.14) 

H {2) 3 A >1 (a 2 -a 3 ) 2 + A >2 (a 3 -ai) 2 + A >3 (ai-a 2 ) 2 , (D.15) 

# (3) 3 A(a x - a 2 )(a 2 - a 3 )(a 3 -fix), (D.16) 

10 



where S, Y l ,X i ,A are complex numbers satisfying 

Y 1 + Y 2 + Y 3 = 0, X 1 + X 2 + X 3 = 0. (D.17) 

The spaces are closed under the action of the symmetric group and the decomposition 
H = ©jiyw corresponds to the decomposition of the regular representation of 63. Acting with 
the elements of on \S), we obtain the following basis 

\S) = S rir . 2r3 \S; r 1 , r 2 , r 3 ; {zi}) , 

ir2r3 ai + y rir2r . 3 a2 + i^. ir2r . 3 a 3 ) (S 1 ; ri, r 2 , r 3 ; {z^}) , 



ri,T2,r3 



= (^ 1 1 r 2 r 3 ( a 2 - a 3 ) 2 + ^ r 2 ir2r . 3 (a 3 - ai) 2 + X 3 ^^ - a 2 ) 2 ) \S; n, r 2 , r 3 ; {^}) , 

|A) = ^ A rir2r3 (ai - a 2 )(a 2 - a 3 )(a3 - ai) \S;r 1 ,r 2 ,r 3 ; {zi}) , 

ri,V2,r3 

From the anti-symmetry condition p \B) = sign(p) \B), we find that for all p e (3 3 

S ri r 2 r 3 — ^r pW r p{2 )r p{3) , (D.18) 

= ^(p)F/« M2)rp(3) , (D.19) 
Xkr 2 r 3 = sign(p)^« rp(2)rp(3) , (D.20) 

A ri r 2 r 3 — s ^ n (p)Ar p(1) r p(2) r p[3 y (D.21) 

These relations imply that the tensors are in the irreducible representations of SU(N). Note 
that in the coincident limit Z\ = z 2 = z 3 , these states reduce to 



\S) 


-> 


^ ] S' rir . 2r3 ( 

ri,r2,r3 


a} - a 2 )(4 - 4) (4 ~ 4) 


|0,ri,r 2 ,r 3 ) , 


\Y) 


-> 


^ ] (*r-ir 2 r 3 


(4-4) 2 + ^r 2 1 r 2 r 3 (4-4 


) 2 + y r 3 ir , 2r3 (4-4) 2 ) |0, r l7 r 2 ,r 3 ), 


\X) 


-> 


ri,r-2,r3 


4 + Ar ir2r , 3 4 + ^rir 2 r 3 4) 


|0, n,r 2 ,r 3 ) , 


\A) 


->■ 


^ ] v4 rir2r3 

ri,r2,r 3 


|0, r 1; r 2 ,r 3 ) , 





where |0, r 1; r 2 ,r 3 ) = |0, r x ) (g) |0,r 2 ) (g) |0,r 3 ), and 

X 1 = -6(X 2 - X 3 ), X 2 = -6(X 3 - X 1 ), X 3 = -6 (X 1 - X 2 ) . (D.22) 

By rewriting the solution ( 1D.5I) as a linear combination of these states, we obtain the globally 
well-defined general solution to the linear constraints. 
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